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TEiTSIOITI?12?LDSIN ORIGINALLY CURVED, THIN SH3ETS‘,

DURING SHEARIHG ST!RESEUIS

By H. Wagner and IT. Ballerstedt

SU}MARY

So-called shell (or stressed skin) bodies or wings
coilsi~t of outer s’kin and stiffening sections, the latter
rlllllliilgin Tart longitudinally (longitudinal stiffeners)
and partly transversely (transverse stiffeners, rings) .

The curved slzin is usually so tl.in that it buckles
Ioilg before the structure has reached the ultimate load.
3uckling is followed fi~~the appearance of oblique wrinkles
ii: the sheet.

The analysis of the stresses iil the sileet and stif-
feners is predicated uporL the dj.rectioll Of tho ~ri.nkles,

particularly the tensile stresses (pri-ncipal stresses) .
T~~is al?.alysis axlclt}.e calculation of t~he stresses after
buckling form the su”bject of the present article. It iil-
cl.udes:

1. Metal cylinders with closely spaced longitudi-
nal stif’fenerso

2. Metal cylinders mit]l c].osbly spaced .transverso

riilgs.

As concerns the Ioilgitudiilal stiffeners, the report
forms , aside from minor modificatioils, a repetition of
the theoretical part of an experimental report by H. Wag-
iler at the Rohrbac3. ~.!etalAi.rplaile Coinpany in .1927, and
wliose publication has been permitted hy Dr. Rohrbach.

--r---------------"---------;------------;;-----'---;---------------
*l!U%er Zugfelder iilursyrunglich Eekrummten, dunnen Blechen
bei Beanspruchung durch Scku’okr&fte.il Luftfahrtforschung,
t!ay 15, 1935, pp. 70-’74.
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The literature “index refers to H..Wagnerls report on
flat sheet metal girders with verY thin EIetal web (refer-
ence 1)0 ..

NOTATION

s, sheet thickness.

r, radius of cylinder. .

x, coordinate in axial (longitudinal) direction~

vus coordinate in peripheral direction.

Fx, sectional surface of a longitudinal stiffener.

‘Y ‘
sectional surface of a transverse ring.

tx, distance between two longitudinal stiffeners.

‘Y’
distance between two transverse rings.

x, “compressive force in a loilgitudinal stiffener.

Y, compressive force in a transverse ring.

a ~, tensile strain in.a longitudinal stiffeiler.

CJy , tensile strain- in a transverse ring.

f, deflection of a longitudinal stiffener.

T, shearing stress due to given external load.

To, buckling stress in shear of sheet.

CT, tei~sion in sheet after formation of tension field.

a, direction between principal tensile stress 0; partic-
ularly, elongation and axis X*

E, modulus of elasticity.

c
Cx

}

principal elongation and elongation in the tension
field in direction of x r.nd y.

Cy

‘y, shear strain.
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The premises of the calculation are that the dimen-
sioning of sheet and stiffene~s” and t-he stress -in shear
and tension are uniform within the entire range.,

Ip a suitably designed flat sheet wall the buckling
load of the sheet versus shear is usually so low compared
with the permissible stress in the tension field that the
influence of the compressive ~tiffness of the sheet may
be disregai-ded, Now , in curved sheets the %uckling stress
is usually substantially higher on the one hand., and on
the other, no sv.ch high stresses are permissible once
buckling has taken place; otherwise, the wrinkling in the
curved sheet would induce permanent deflections. Thus the
analysis of the diagoilal tension fields of curved sheets
must allow for the buckling stiffness of the sfi.ect.

The following considerations arc based upon the argu-
ment that tlzc sheet, even after buckling, continuos to
transmit the proportion of the total shcarins stress T
corresponding to t’hc bv-ckling stress “i~-shear ‘o ‘ and
onl.~ the proportion T - To oxtendiilg hcyond the bucklii~g
load, in tensioil. From this follows: th,e stiffeners which,
admittedly, are not stressed prior to the buckling, under-
go a stress or,ly to the amount of the excess T - To.

Figure 1 illustrates a piece of the shell. From the
equilibrium of the forces in section AA ‘in the y direction,
and, section BB in the x direction, tile proportion T - To
gives the forces (compression) in the stiffeners (equation
(10), N.A.C. A. Techilical Hem-orandurn Ho. 604, reference 1):

x=- (T - To) s tx cot” ~ (la)

Thus the tei]sion in longitudinal aitd transverse stiffeilers
tecomes:

~x=- ~ T cot CL (2a)

‘Y = - q T tan a (2%)

where, for the sake of brevity:
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(3a)

(31))

the she-et is the—
resultant stress of luckling stress in shear To and, a

T- -rO
tensile stress —-—.———.——- . However, the’ tensile stress

sin a cos 04

decisive for the dimensioning o.* the “sheet is simply put
at

T
Cf= ————..—————-

sin a cos a

and the principal elongation of the

T
c — --.—————————

,,

sheet at

(4)

r.—
E sin a,COS a

(5)

The minor inaccuracy introduced with this simplification
is well within the degree of accuracy of the assumption
that t?ae stress after buc”~ling i~ shear, is To.

DIRI!!CYION OF WRINKLES IN SEX3TS WITH

C?IJOS3LY SPACED L01TGIT?J31NALS

,..

Z+ is presumed. in the following derivation that the
spacing of tl.e transverse rings is greater than that of
the longitudinal stiffeners - by at least twice as much.
The spaciilg of the longitudinal stiffeners is presumed to
be small relative to the radius. 3’or example,

In order to compute the direction of the wrinkles in
the tension field, we first consider the elongations cx

and ‘Y of the sheet In x and y directions. The elon-

gation cx is given through the force in the Iongitudihal
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st iffener
.. ... ._ . . . .. . . .

(7X .. ...
~x=~—=- ;g cota (6)

As concerns the determination of the elongation Cy of the

sileet panel iil y direction, we refer to figure 2. Under
shear the originally unstressed curved sheet is stretched
straight while forming tension wrinkles. The small dis-
tance -tx Cy, for which the straight conitection of

points Ot and Ui is shorter after loading than the
curved connection of points O and U before loading, is
now calculated. The shortening due to the straight stretch-
ing alone is (~ == tx/r),

Besides, the two lon~;itudinal stiffeliers O and U ap- .
preach each other to the measure of

as a result of the compressive stress in ty.e cross% .......
lilen-~er s . The desired shortening of CU to ():uf becomes

,1 tx3 ,~y
- tx Cy

= + m P“- “ F- ‘x

COilsGqUeiltly, tl.c elongation in transverse
is (see (2b)):

1 txa T
—— ——.— - —

cY=-24r2 tan a~n

direction <y

(7)

The eloilgation c Of the sheet itself bein~ given in (5),
the three quantities C* CY, Cx definiilg tile tension

field. are known also. Three such quantities, however, es-
tablish a plain (flat) elongation condition and conse-
quently, also the elongation attitude.of the te~lsion field
aild the direction angle a of the principal elongation
c, particularly, the wrinkles.

c- Cx
tan2 a = ~————__-~., (9)

‘\\



c, ~x? Cy themselves are depende:lt on a according to

(5), (G), and (7’). Tlze j.p-sertion of the elongations con-

formably to these three sqv.ations finally gives

This equatioil
t

is resolved according to -~~ rather than

a, Iv’hich $.s not explicitly possible. I

Now we effect a correction on Cy. When establishing

the equation for Cy , we allowed for the straight stretch-

ing of the sheet and the apFroacY. of O and U induced

by the conlpressiVe stress ‘Y in tl.e transverse stiffen-

ers. Through the clcflectiofi of the skiil tension t’he lon-
gitufiinal stiffeners arc loaded. with a force directed to-
ward the axis of t~~e cylinder/

sty(T-To)> tana

which is approximately evenly distributed. over le,ngth t.r“
of tk.e stiffener, P.ildsli~;”ntlybend ir.nard for a rea~-il~r
calculable de~ree f. This deflection f modifies Cy

for an amount cf; that is (see (7)),

To illustrate: If several adjacent lon~itudinals
beild for the sane anount of f (fig. 3) , then cf has the

fvalue ~; but as the de flectioiz Of these longitudinal is

zero at- the points Colinecting the transverse stiff eners, .we
may write approximately:

Cf=h+ (11)

Thus with Ey written iil (8) conformable to (10) rather
than to (7) , it gives



1“
‘.

M.A. C.A. Technical Memorandum No, 7’74 7

where%y a =Ccot’ct-ffl (13a)

1.*”, . . . . . .

or —.,..,,,,,-.,
ox’ , ,, .,.

a = __ cot3 a - q
“r (131J)

—.

ITOW follows the discussion of equations (9) to (13).
Iilaily case, only one of the two equations (13) is to be
used,. In the aisence of external longitudinal forces othe-
r than the shearing forces (torque) , (13a,) is suitable,
whereas (131) is preferable when the permissible compres-
sion Ox of the Iongitudi’nalsis given from the start;
that is, chiefly, when tlie.she-n i’s to be dimeilsioned. for
concurrent action of transverse and longitudinal forces,
If accompa,ilied by simultaneo-is bending of the longitudinal
stiffeners, th.er.

‘x
denotes the tension of the fiber of

the longitudinal lylng on the skin of the sheet; that is,
the i~eai~tension of th,is fiber in longitudinal direction.

t
In a design # will probably be chosen beforehand,

and the loading T will also be given, The deflect’i.on f
Of tlie longitudinal stiffeners ‘- usually of little influ-
ence - may %0 estimated first, at (say f = 0.3 cm) or put
at zero. This affords the left-hand side of (12). This
is followed by assuming arbitrary valves for a (say 10,
20, 30), ,and rea. ?.iilg on f’i~ure 4 the corrcspoildin.g values
of cot a conforms’olc to the k-nomn coordinate (left side

of (12)) and the axis of tile allscissa. compute
according to the chosen

cot (x
a values from (13a) or (133);

that is, from either

FF= K%G=; a + ‘;:’]cot a = (14a)

The plotting of the two Uill”~kf2 cot a against a,
once frOi~ fi~ure 4, then from one of (14) gives an inter-
section point which denotes the correct value of

.,
cot u.

.,
Lastly, the-ati~ie of th~’’tcnsioll stress is: ~~

III 111I III II I II I I I Illnlmmlll I I Ilm



‘r’ =

s =

tx =

‘Y =

Given in kg, cm

400 E = 700,000

.,06 r = 50’

18 rx = 1

40 ‘Y =
1.2

f = 0.4 (estimated)

The lmckling stress in shear is:

2

()

kg
=’0.1-33 .:+ 5.3 :? E = 125 g~zr

To z

for vhich the left side of (12) gives 19.9.

How choose three values for a: say, 10, 15, 20,

and read, once from figure 4, with an ordinate of “19.9 on -

the abscissa, the t~.ree va~ues:
cot CL= 2.3, 2.1, lm80

No external axial forces being present, compute from (14a)

corresponding to the three chosen a values: cot a =

1.98, 2.177 29309 The>: plot both cot a curves against

a (fig. 5) and find that both values agree a~ cot a =

2.14; consequeiltlY, cot a = 2.14, a= 25.1 .

DIRECTION 03’ WRINKLES IN SHEZTS WITH

CLOSELY SPACXD TRANSVERSE STIFFEH3R5 (RI1fGs)

l?or the following, it is presumed that the spacing

of the transverse stiffei~ers (ri:lgs) is, at the most~
about half. as great as that” of the longitudinal stiffeners,

in addition to being small compared witi. the radius of the
cylinder, say ty~.~ r. Such an experime~ltally obtained

tension field is sho~n in figure 6.

Tile analysis Of the elongation attitude preferably
proceeds from constant principal stress 0, particularly
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principal elongation 6 within the whole tension field
range and equal direction angle a, The elongation Cy

,..,.... _,%P....a..Y@i.Tec.t.i.O.Jl..’(perlplleral.direction) at each -point of
the tension field, is” readily ascertainable~

I’igure 7 shows two views”of a metal cylinder between
two transverse stiffeners (rings). Because of the flat
stretching of the s’beetfilers, each fiber appea?s as
chord of the base circle. lU~e mid-ordinate ‘P’ of the seg-
ment is

t #
.“ ,,

P = ~~ tan2a., (16)
.,

l!his mid-orclinate represents the contraction o.f the cylin-
der in the center between the rings. The periphery of the
circle beii~g proportional to the radius, the elongation of
the field i~eripheral.ly in the center between the rings due
to the contraction, is

(17)

As a result of the flat stretching of the fibers~ the
tension field lies on’s hyperboloid of rotatio~; hence
coiltraction and elongation in y direction are unlike at
unlike points x of the height. Assume all variable
quantities over x to he denoted by ~ such as p:, ~kt.

The contour of the hyperboloid of rotation is a paralola
within the degree of accuracy of our analysis; that is,

P 1, ~+I..”d<k 1 are parabolic over the height of the cylin-
der.

(18)

The total, probably”always negative elongation’ ~y~ in

peripheral direction then is the sum of ~kl and elonga-
Oy

tion ~- of the riilgs:

Oy
~1
Y

= Ckl + ~– (19)

on t]le ot~ler ~~~lld,the qua<nti~ies c’,,&, and Cyt de-

fining the elongation field being kilo~n at every poiilt of
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the field of the sheet, the elo”ngatio’n attitude which at
every”point. of the hyperboloid of rotation must be consid-
ered perpendicular to the su’rface> is definitely estab-

lished “at each point. All other quantities of the elonga-
tion field can be expressed through

(20)

(21)

Cy ! being variable along the height of the cylinder,

these two elongation quantities are also variable. Now

the whole peripheral displacement of the upper ring s
relative to the lower, is denoted by ‘Y tYi and the

chang,e in distance of the two rings, by C* tye These

quantities are obtained by integrating Vi and c~’ over

the lengt~L ty of the cylinder (over x). The resulting

shear strain is

(22)

Iil the calculation of the chailges in Cx ty it must,

in addition to Cxl , be observed that the surface ele-

ments of the tension field lying on the hyperboloid of ro-
dp ~

tation, slope &t a;
relative to the cylinder axis;

that is, that the ring spacing is less than the length of

the (approximately paraho~i.c) meridian of the surface of
the tension field:

With due regard to (21) and (16), (17), (18), and (19), the
calculation finally gives the specific approach Cx

both riilgs at

c~ = c (1 - tan2 a) + tan2 CL ‘q + ~~
( )

or, in different form:

c - ~“x
tan2 a = —-.— --——-.—

(

ay
c-

)
~._+ Sk

0,f

(23;

(24)
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For computing the direction of the wrinkles with
given size of sheet and. stiffeners, we write the values
of (5), (23), (2b) , and (17) in equation (24) for C , Cx, .,,, .,...
‘Y ‘ and “Ck. It gives

(25)

whereby a has the significance denoted “in (13a) or (13-0),
Figure 8 was plotted conformably to equation (25) .

The manipulation of these equations is precisely as
for closely spaced, longitudinal stiffeners.

Translation by J. Vanier,
Nat ional Advisory Coi,!mittee
for Aeroilautics.
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